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Healthy

?

Pathological

Common approach: data-augmentation Issues:

- Still no guarantee of invariance

..

- Valuable net capacity is spend on 
learning invariance


- Redundancy in feature repr.

Example: Detection of  
pathological cells
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Geometric guarantees (equivariance)

Group equivariant CNN

Normal CNN

..

CNNs are not rotation equivariant

..

G-CNNs are rotation equivariant!

Figures source: 
https://github.com/QUVA-Lab/e2cnn

https://github.com/QUVA-Lab/e2cnn


Geometric guarantees (equivariance)
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G-CNNs are not only relevant for invariant 
problems but for any type of structured data!

Importance of equivariance:


- No information is lost when the input is transformed


- Guaranteed stability to (local + global) transformations

Group convolutions:


- Equivariance beyond translations


- Geometric guarantees


- Increased weight sharing



Group equivariant deep learning
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Create architectures with guarantees of invariance or equivariance 
(often demanded by problems)

Equivariance allows for 
increased weight sharing

Psychology of vision 
(recognition by components)

Efficient representation learning 
(leverage symmetries)
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What is a group?
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A group  is a set of elements  equipped with a group product , a 
binary operator, that satisfies the following four axioms:


• Closure: Given two elements  and  of , the product  is also in .


• Associativity: For  the product  is associative, i.e., .


• Identity element: There exists an identity element  such that  for any .


• Inverse element: For each  there exists an inverse element  s.t. 
.

(G, ⋅ ) G ⋅

g h G g ⋅ h G

g, h, i ∈ G ⋅ g ⋅ (h ⋅ i) = (g ⋅ h) ⋅ i

e ∈ G e ⋅ g = g ⋅ e = g g ∈ G

g ∈ G g−1 ∈ G
g−1 ⋅ g = g ⋅ g−1 = e



Psychology of vision: recognition by components
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Translation group (ℝ2, + )
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The translation group consists of all possible translations in  and is equipped with the group 
product and group inverse:


   
 


with  and .

ℝ2

g ⋅ g′￼ = (x + x′￼)
g−1 = (−x)

g = (x), g′￼ = (x′￼) x, x′￼ ∈ ℝ2
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ℝ2

g ⋅ g′￼ = (x + x′￼)
g−1 = (−x)
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Roto-ranslation group SE(2)
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2D Special Euclidean  
motion group

The group    consists of the coupled space  of translations vectors 
in , and rotations in  (or equivalently orientations in ), and is equipped with the group 
product and group inverse:


   
                                . 


with .

SE(2) = ℝ2 ⋊ SO(2) ℝ2 × S1

ℝ2 SO(2) S1

g ⋅ g′￼ = (x, Rθ) ⋅ (x′￼, Rθ′￼
) = (Rθx′￼+x, Rθ+θ′￼

)
g−1 = (−R−1

θ x, R−1
θ )

g = (x, Rθ), g′￼ = (x′￼, Rθ′￼
)
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Roto-ranslation group SE(2)
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2D Special Euclidean  
motion group

Matrix representation: The group can also be represented by matrices


  


with the group product and inverse simply given by the matrix product and matrix inverse.


        In parametric form:                              

                                                                                            


        In matrix form:                         

g = (x, θ) ↔ g = (x, Rθ) ↔ G =
cos θ −sin θ x
sin θ cos θ y

0 0 1
= (Rθ x

0T 1)

(x, θ) ⋅ (x′￼, θ′￼) = (Rθx′￼+ x, θ + θ′￼mod 2π)
↔

(Rθ x
0T 1) (R′￼θ x′￼

0T 1) = (Rθ+θ′￼
Rθx′￼+ x

0T 1 )



Representations
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A representation  is a group homomorphism from G to the 
general linear group .


That is  is a linear transformation that is parameterized by group elements 
 that transforms some vector  (e.g. an image) such that


ρ : G → GL(V)
GL(V)

ρ(g)
g ∈ G v ∈ V

ρ(g′￼) ∘ ρ(g)[v] = ρ(g′￼⋅ g) [v]
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A left-regular representation  is a representation that transforms functions  by 
transforming their domains via the inverse group action


ℒg f

ℒg[ f ](x) := f(g−1 ⋅ x)

Left-regular

“group action” equals 
group product when 
domain is G
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Equivariance
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Φ

Φ

ρX(g) ρY(g)Φ ∘ ρX(g) = ρY(g) ∘ Φ

Equivariance is a property of an operator 
 (such as a neural network layer) 

by which it commutes with the group action:
Φ : X → Y

X Y

group representation action on X



1. Motivation

2. Pattern matching using group theory

3. Group convolutions

6. Steerable group convolutions

8. Equivariant tensor product layers

9. Equivariant graph NNs

Equivariance  weight-sharing and generalization→

Group theory: symmetries & recognition by components  
(features have “poses”)

4. Example

5. G-convs are all you need!

7. Feature fi



1. Motivation

2. Pattern matching using group theory

3. Group convolutions

6. Steerable group convolutions

8. Equivariant tensor product layers

9. Equivariant graph NNs

Equivariance  weight-sharing and generalization→

Group theory: symmetries & recognition by components  
(features have “poses”)

4. Example

5. G-convs are all you need!

7. Feature fi



23
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k(x′￼− x)f(x′￼)dx′￼ = (ℒg k , f )𝕃2(ℝ2)

Representation of the translation group!
Cross-correlations

Are convolutions with reflected conv kernels (and vice versa)
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(k ⋆ℝ2 f )(x) = ∫ℝ2

k(x′￼− x)f(x′￼)dx′￼ = (ℒg k , f )𝕃2(ℝ2)

Representation of the translation group!

 
2D convolution kernel

k  
2D feature map

f in  
2D feature map (after ReLU)

f out

⋆ℝ2 =

Cross-correlations
Are convolutions with reflected conv kernels (and vice versa)



Equivariance
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Φ

Φ

ℒℝ2→𝕃2(ℝ2)
(x) ℒℝ2→𝕃2(ℝ2)

(x)

Representation of the 
translation group

(k ⋆ℝ2 f )(x) = (ℒℝ2→𝕃2(ℝ2)
(x) k , f )𝕃2(ℝ2)

Convolutions/cross-correlations are translation equivariant



Equivariance
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Φ

Φ

ℒSO(2)→𝕃2(ℝ2)
θ

Representation of the 
rotation group

(k ⋆ℝ2 f )(x) = (ℒℝ2→𝕃2(ℝ2)
(x) k , f )𝕃2(ℝ2)

Convolutions are generally not equivariant to roto-translations

ℒSO(2)→𝕃2(ℝ2)
g

Representation of the 
translation group



SE(2) equivariant cross-correlations
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(k ⋆̃ f )(x, θ) = (ℒSE(2)→𝕃2(ℝ2)
g k , f )𝕃2(ℝ2) = (ℒR2→𝕃2(ℝ2)

x ℒSO(2)→𝕃2(ℝ2)
θ k , f )𝕃2(ℝ2)

Representation of the roto-translation group!

translation rotation

Lifting correlations:
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(k ⋆̃ f )(x, θ) = (ℒSE(2)→𝕃2(ℝ2)
g k , f )𝕃2(ℝ2) = (ℒR2→𝕃2(ℝ2)

x ℒSO(2)→𝕃2(ℝ2)
θ k , f )𝕃2(ℝ2)

Representation of the roto-translation group!

translation rotation

Lifting correlations:

 
Rotated 2D convolution kernel

ℒSO(2)→𝕃2(ℝ2)
θ k  

2D feature map
f in  

3D (SE(2)) feature map (after ReLU)
f out

⋆ℝ2 =
θ

yx

k(R−1
θ (x′￼−x))
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Equivariance
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SE(2) group lifting convolutions are roto-translation equivariant

planar rotation

periodic shift

planar rotation

Φ

Φ

ℒSO(2)→𝕃2(ℝ2)
θ

ℒSO(2)→𝕃2(SE(2))
θ

(k ⋆̃ f )(x) = (ℒR2→𝕃2(ℝ2)
x ℒSO(2)→𝕃2(ℝ2)

θ k , f )𝕃2(ℝ2)
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SE(2) group lifting convolutions are roto-translation equivariant

planar rotation

periodic shift

planar rotation

Φ

Φ

ℒSO(2)→𝕃2(ℝ2)
θ

ℒSO(2)→𝕃2(SE(2))
θ

(k ⋆̃ f )(x) = (ℒR2→𝕃2(ℝ2)
x ℒSO(2)→𝕃2(ℝ2)

θ k , f )𝕃2(ℝ2)



Equivariance

27

SE(2) group lifting convolutions are roto-translation equivariant

planar rotation

periodic shift

planar rotation

Φ

Φ

ℒSO(2)→𝕃2(ℝ2)
θ

ℒSO(2)→𝕃2(SE(2))
θ

(k ⋆̃ f )(x) = (ℒR2→𝕃2(ℝ2)
x ℒSO(2)→𝕃2(ℝ2)

θ k , f )𝕃2(ℝ2)

What about 
subsequent layers?
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Group correlations:
k(R−1
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Architecture for rotation invariant mitotic cell detection
Bekkers & Lafarge et al. MICCAI 2018
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Architecture for rotation invariant mitotic cell detection

G-CNNs without data-augmentation  
outperform 
CNNs with data-augmentation

Bekkers & Lafarge et al. MICCAI 2018
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Architecture for rotation invariant mitotic cell detection

G-CNNs without data-augmentation  
outperform 
CNNs with data-augmentation

G-CNNs guarantee 
geometric stability. 
They are robust to 
input distortions, 
regular CNNs aren’t…

Bekkers & Lafarge et al. MICCAI 2018 Lafarge et al. MedIA 2020
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Architecture for rotation invariant mitotic cell detection

G-CNNs without data-augmentation  
outperform 
CNNs with data-augmentation

G-CNNs guarantee 
geometric stability. 
They are robust to 
input distortions, 
regular CNNs aren’t…

Bekkers & Lafarge et al. MICCAI 2018 Lafarge et al. MedIA 2020

G-CNNs are more sample efficient! 
G-CNNs (25% data) > CNNs (100% data)

10%

50%
25%

100%

75%

Lafarge et al. ArXiv/MedIA 2020
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• The right inductive bias: guaranteed equivariance  
(no loss of information)


• Performance gains that can’t be obtained by data-augmentation alone 
(both local and global equivariance/invariance)


• Increased sample efficiency  
(increased weight sharing, no geometric augmentation necessary)

G-CNNs rule!
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From rotation to scale equivariant CNNs

36

Bekkers ICLR 2020

Translation +                              G-CNNs

2D CNN

scale equivariant

2D CNN with 
rescaled input



Discrete G-CNNs 
(square/cube symmetries)

Continuous rotation G-CNNs 
(regular discretizations)

Continuous G-CNNs 
(Lie groups)

Gauge-equivariant CNNs 
(manifolds)

LeCun et al. 1990 Mallat et al. 2013, 2015 
SE(2)
Bekkers et al. 2014-2018 

SE(2)

Cohen-Welling 2016 
p4m

Dieleman et al. 2016 
p4m

Weiler et al. 2017 
SE(2) Zhou et al. 2017 

SE(2)

Hoogeboom et al. 2018 
SE(2,6)

Winkels-Cohen 2018 
3D discrete roto-transl.

Worrall-Brostow 2018 
3D discrete roto-transl.

Cohen et al. 2018 
SE(3)

Worrall et al. 2017 
SE(2)

Kondor 2018 
SE(3)

Thomas et al. 2018 
SE(3)

Weiler et al. 2018 
SE(3)

Weiler-Cesa 2019 
SE(2)

Esteves 2017 
SO(3)

Kondor-Trivedi 2018 
SE(3)

Bekkers 2019 
Lie groups (rotation, scale)

Cohen et al. 2019 
Icosahedron

de Haan et al. 2020 
Meshes

Continuous rotation G-CNNs 
(steerable)

Finzi et al. 2020 
Lie groups

Sosnovik et al. 2020 
Scale-translation

CNNsNNs G-CNNs

Bekkers 2019 
Lie groups (rotation, scale)

Chakraborty  et al. 2018 
Riemannian Hom. spaces

Weiler et al. 2021 
Coordinate Independent CNNs

37

A brief history of G-CNNs

Cesa-Lang-Weiler 2022 
 with  compactG = ℝd ⋊ H H

https://quva-lab.github.io/escnn/

https://github.com/Chen-Cai-OSU/awesome-equivariant-network
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Theorem (G-convs are all you need)

40

Let  map between signals on homogeneous spaces of . 


Let homogeneous space  such that  for some chosen origin 
 and let  such that .


Then  is equivariant to group  if and only if: 


             1. It is a group convolution:  


             2. The kernel satisfies a symmetry constraint:     

𝒦 : 𝕃2(X) → 𝕃2(Y) G

Y ≡ G/H H = StabG(y0)
y0 ∈ Y gy ∈ G ∀y∈Y : y = gyy0

𝒦 G

[𝒦f ](y) = ∫X

1
|gy |

k(g−1
y x)f(x)dx

∀h∈H : 1
|gy |

k(hx) = k(x)

*Work with Remco Duits at TU/e.                      See also: Duits 2005 – Thm 25, Cohen, Geiger, Weiler 2018 - Thm 6.1, Kondor, Trivedi 2018 - Thm 1

Bekkers ICLR 2020, Thm. 1*
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Steerable basis

43

A vector  with (basis) functions  is steerable if


,


where  denotes the action of  on  and   is a representation of . 


I.e., we can transform all basis functions simply by taking a linear combination of the 
original basis functions.

Y(x) =
⋮

Yl(x)
⋮

∈ 𝕂L Yl ∈ 𝕃2(X)

∀g∈G : Y(g x) = ρ(g)Y(x)

g x G X ρ(g) ∈ 𝕂L×L G



......................

44

Let                                                                          (  a steerable basis)


Then we can steer/shift this function by transforming the weights 


               .


f(x | ŵ) = ŵ†Y(x) Y(x)

ŵ

f(h−1x | ŵ) = f(x |ρ(h)ŵ)

Function in steerable basis

(ρ(h)ŵ)†

Y(x)

=

=

f(x |ρ(h)ŵ)

=



......................
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Let                                                                          (  a steerable basis)


Then we can steer/shift this function by transforming the weights 


               .


f(x | ŵ) = ŵ†Y(x) Y(x)

ŵ

f(h−1x | ŵ) = f(x |ρ(h)ŵ)

Function in steerable basis

(ρ(h)ŵ)†

Y(x)

=

=

f(x |ρ(h)ŵ)

=



Example: Steerable basis on  (circular harmonics)S1

45

Basis functions (for ):           

Are steered by representations:      

𝕃2(S1) Yl(α) = ei l α

ρl(θ) = ei l θ

Proof:   

                          

                          

Yl(α − θ) = ei l (α−θ)

= e−i l θ ei l α

= ρl(−θ) Yl(α)



Example: Steerable basis on  (circular harmonics)S1

45

Yl(α)

Re[ Yl(α) ] = cos(l α)

Im[ Yl(α) ] = sin(l α)

0 2ππ

Basis functions (for ):           

Are steered by representations:      

𝕃2(S1) Yl(α) = ei l α

ρl(θ) = ei l θ

Proof:   

                          

                          

Yl(α − θ) = ei l (α−θ)

= e−i l θ ei l α

= ρl(−θ) Yl(α)

ρl(−θ)

αe−i θ

=Yl(α − θ)

...................... ....... ......................
=



......................

......................

=

ei 3 θ 0 0 0 0 0 0.
0 ei 2 θ 0 0 0 0 0.
0 0 ei 1 θ 0 0 0 0.
0 0 0 1 0 0 0.
0 0 0 0 e−i 1 θ 0 0.
0 0 0 0 0 e−i 2 θ 0.
0 0 0 0 0 0 e−i 3 θ

46

Y(α)ρ(−θ) =
L
⊕

l=−L
ρl(−θ)Y(α − θ)

Example: Steerable basis on  (circular harmonics)S1



......................

......................

=

ei 3 θ 0 0 0 0 0 0.
0 ei 2 θ 0 0 0 0 0.
0 0 ei 1 θ 0 0 0 0.
0 0 0 1 0 0 0.
0 0 0 0 e−i 1 θ 0 0.
0 0 0 0 0 e−i 2 θ 0.
0 0 0 0 0 0 e−i 3 θ

46

Y(α)ρ(−θ) =
L
⊕

l=−L
ρl(−θ)Y(α − θ)

Example: Steerable basis on  (circular harmonics)S1
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Basis functions (for ):                                              


Form a complete orthonormal (Fourier) basis:          

𝕃2(S1) Yl(α) = ei l α

f(α | ŵ) =
∞

∑
l=−∞

ŵl Yl(α)

0 2ππ α

f(α) = α mod π/2

f(α | ŵ) =
L

∑
l=−L

ŵl Yl(α)

Example: Steerable basis on  (circular harmonics)S1

 are given by the irreps of  and hence form orthogonal basis (Peter-Weyl Theorem)Yl SO(2)
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Let                                 


Then we can steer/shift this function by transforming the weights 





f(α | ŵ) = ŵ†Y(α)

ŵ

f(α − θ | ŵ) = f(α |ρ(θ)ŵ)

Proof:    

                                 

                                 

                                 

                                 


f(α − θ | ŵ) = ŵ†Y(α − θ)
= ŵ†ρ(−θ)Y(α)
= ŵ†ρ(θ)†Y(α)
= (ρ(θ)ŵ)†Y(α)
= f(α |ρ(θ)ŵ)

0 2ππ α

f(α |ρ(θ)ŵ)

Example: Steerable basis on  (circular harmonics)S1
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= (ρ(θ)ŵ)†Y(α)
= f(α |ρ(θ)ŵ)
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• The previous functions  are (irreducible) representations of 


• The group  can also act on  


• Though not transitively…


• It does act transitively on  though


• Use polar coordinates  to come up with a rotation-
steerable basis for !

ρl(θ) = ei l θ SO(2)

SO(2) ℝ2

S1

ℝ2 ∋ x ↔ (r, α) ∈ ℝ+ × S1

𝕃2(ℝ2)

49

Two dimensional rotation-steerable functions

Recall lecture 1.6 (Group Theory | Homogeneous/quotient spaces)



• Consider polar-separable convolution kernel:


,


• with  in an  steerable basis, and  in some radial basis:


,          e.g., with          ,





• Then we may as well write it as





                        (“absorb” weights)


                                       with radius dependent weights 


• Then such kernel is clearly rotation steerable!


k(x |w) = k→(r |w) k↺(α |w)

k↺ SO(2) k→

k↺(α |w) = ∑
l

wlYl(α) Yl(α) = ei l α

k→(r |w) = ∑
m

wmϕm(r)

k(x |w) = ∑
l

∑
m

wmwl ϕm(r) Yl(α)

= ∑
l

∑
m

wml ϕm(r) Yl(α)

= ∑
l

ŵl(r) Yl(α) ŵl(r) = ∑
m

wml ϕm(r)

k(R−1
θ x | ŵ(r)) = k(x |ρ(θ)ŵ(r))

50

Two dimensional rotation-steerable functions

↺α

→r

m

l

Re[Yl(α)]

ϕm(r)
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Two dimensional rotation-steerable functions

↺α

→r

m

l

Re[Yl(α)]

ϕm(r)

Or directly parametrize as  !ŵ(r) = MLP(r |w)
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Y(x)Y(R−1
θ x)

Re Im

=

ρ(R−1
θ )

Re Im

=

e3 i θ 0 0 0 0 0 0.
0 e2 i θ 0 0 0 0 0.
0 0 e1 i θ 0 0 0 0.
0 0 0 1 0 0 0.
0 0 0 0 e−1 i θ 0 0.
0 0 0 0 0 e−2 i θ 0.
0 0 0 0 0 0 e−3 i θ

Complex (irreducible) representations



.....................

.....................
51

Y(x)Y(R−1
θ x)

Re Im

=

ρ(R−1
θ )

Re Im

=

e3 i θ 0 0 0 0 0 0.
0 e2 i θ 0 0 0 0 0.
0 0 e1 i θ 0 0 0 0.
0 0 0 1 0 0 0.
0 0 0 0 e−1 i θ 0 0.
0 0 0 0 0 e−2 i θ 0.
0 0 0 0 0 0 e−3 i θ

Complex (irreducible) representations



.....................

.....................
51

Y(x)Y(R−1
θ x)

Re Im

=

ρ(R−1
θ )

Re Im

=

e3 i θ 0 0 0 0 0 0.
0 e2 i θ 0 0 0 0 0.
0 0 e1 i θ 0 0 0 0.
0 0 0 1 0 0 0.
0 0 0 0 e−1 i θ 0 0.
0 0 0 0 0 e−2 i θ 0.
0 0 0 0 0 0 e−3 i θ

Complex (irreducible) representations

cos(l α) sin(l α)



......................

......................

1 0 0 0 0 0 0..
0 cos θ sin θ 0 0 0 0..
0 −sin θ cos θ 0 0 0 0..
0 0 0 cos 2θ sin 2θ 0 0..
0 0 0 −sin 2θ cos 2θ 0 0..

0 0 0 0 cos 3θ sin 3θ..
0 0 0 0 −sin 3θ cos 3θ

52

Y(x)Y(R−1
θ x)

=

ρ(R−1
θ )=

Real (irreducible) representations
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1 0 0 0 0 0 0..
0 cos θ sin θ 0 0 0 0..
0 −sin θ cos θ 0 0 0 0..
0 0 0 cos 2θ sin 2θ 0 0..
0 0 0 −sin 2θ cos 2θ 0 0..

0 0 0 0 cos 3θ sin 3θ..
0 0 0 0 −sin 3θ cos 3θ

52

Y(x)Y(R−1
θ x)

=

ρ(R−1
θ )=

Real (irreducible) representations



Regular group convolutions revisited
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(k ⋆̃ f )(g) = (ℒG→𝕃2(X)
g k , f )𝕃2(X)

 
2D convolution kernel 2D input feature map output feature map

=

Group convolution ( ):G = ℝd ⋊ H

SE(2)

h⋆̃
x

(e.g. )

         

G = SE(2) = ℝ2 ⋊ SO(2)
X = ℝ2



Regular group convolutions revisited

53

(k ⋆̃ f )(g) = (ℒG→𝕃2(X)
g k , f )𝕃2(X)

 
2D convolution kernel 2D input feature map output feature map

=

= ∫ℝd

k(g−1x′￼)f(x′￼)dx′￼

Group convolution ( ):G = ℝd ⋊ H

SE(2)

h⋆̃
x

(e.g. )

         

G = SE(2) = ℝ2 ⋊ SO(2)
X = ℝ2



Regular group convolutions revisited

53

(k ⋆̃ f )(g) = (ℒG→𝕃2(X)
g k , f )𝕃2(X)

 
2D convolution kernel 2D input feature map output feature map

=

= ∫ℝd

k(g−1x′￼)f(x′￼)dx′￼

Group convolution ( ):G = ℝd ⋊ H = (ℒ(Rd,+)→𝕃2(ℝd)
x ℒH→𝕃2(ℝd)

h k , f )𝕃2(ℝd)

SE(2)

h⋆̃
x

(e.g. )

         

G = SE(2) = ℝ2 ⋊ SO(2)
X = ℝ2



Regular group convolutions revisited

53

(k ⋆̃ f )(g) = (ℒG→𝕃2(X)
g k , f )𝕃2(X)

 
2D convolution kernel 2D input feature map output feature map

=

= ∫ℝd

k(g−1x′￼)f(x′￼)dx′￼ = ∫ℝ2

k(h−1(x′￼−x))f(x′￼)dx′￼

Group convolution ( ):G = ℝd ⋊ H = (ℒ(Rd,+)→𝕃2(ℝd)
x ℒH→𝕃2(ℝd)

h k , f )𝕃2(ℝd)

SE(2)

h⋆̃
x

(e.g. )

         

G = SE(2) = ℝ2 ⋊ SO(2)
X = ℝ2



Regular group convolutions revisited

53

(k ⋆̃ f )(g) = (ℒG→𝕃2(X)
g k , f )𝕃2(X)

 
2D convolution kernel 2D input feature map output feature map

=

= ∫ℝd

k(g−1x′￼)f(x′￼)dx′￼ = ∫ℝ2

k(h−1(x′￼−x))f(x′￼)dx′￼

Group convolution ( ):G = ℝd ⋊ H = (ℒ(Rd,+)→𝕃2(ℝd)
x ℒH→𝕃2(ℝd)

h k , f )𝕃2(ℝd)

SE(2)

h

= ∫ℝ2

kh(x′￼−x)f(x′￼)dx′￼

⋆̃
x

(e.g. )

         

G = SE(2) = ℝ2 ⋊ SO(2)
X = ℝ2



Regular group convolutions revisited

53

(k ⋆̃ f )(g) = (ℒG→𝕃2(X)
g k , f )𝕃2(X)

 
2D convolution kernel 2D input feature map output feature map

=⋆ℝ2

= ∫ℝd

k(g−1x′￼)f(x′￼)dx′￼ = ∫ℝ2

k(h−1(x′￼−x))f(x′￼)dx′￼

Group convolution ( ):G = ℝd ⋊ H = (ℒ(Rd,+)→𝕃2(ℝd)
x ℒH→𝕃2(ℝd)

h k , f )𝕃2(ℝd)

translation 
“template matching”

Rotated  
SE(2)

h

= ∫ℝ2

kh(x′￼−x)f(x′￼)dx′￼

x

y

(e.g. )

         

G = SE(2) = ℝ2 ⋊ SO(2)
X = ℝ2



Regular group convolutions revisited

53

(k ⋆̃ f )(g) = (ℒG→𝕃2(X)
g k , f )𝕃2(X)

 
2D convolution kernel 2D input feature map output feature map

=⋆ℝ2

= ∫ℝd

k(g−1x′￼)f(x′￼)dx′￼ = ∫ℝ2

k(h−1(x′￼−x))f(x′￼)dx′￼

Group convolution ( ):G = ℝd ⋊ H = (ℒ(Rd,+)→𝕃2(ℝd)
x ℒH→𝕃2(ℝd)

h k , f )𝕃2(ℝd)

translation 
“template matching”

Rotated  
SE(2)

h

= ∫ℝ2

kh(x′￼−x)f(x′￼)dx′￼

x

(e.g. )

         

G = SE(2) = ℝ2 ⋊ SO(2)
X = ℝ2



Regular group convolutions revisited

53

(k ⋆̃ f )(g) = (ℒG→𝕃2(X)
g k , f )𝕃2(X)

 
2D convolution kernel 2D input feature map output feature map
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translation 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SE(2)
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= ∫ℝ2
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x
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= tr ( ̂f(x) ŵ† ρ(h−1))
= tr ( ̂f out(x) ρ(h−1))

(k ⋆̃ f )(x,h)Group convolution ( ):G = ℝd ⋊ H = ∫ℝd

k(h−1(x′￼−x) | ŵ)f(x′￼)dx′￼



 k(x | ŵ)        = ŵ†

......

 Y(x)

Lifting convolution with steerable kernel
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(ρ(h)ŵ)†Y(x′￼x)f(x′￼￼

 = (ρ(h) ŵ)† ∫ℝd
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Freeman, W. T., & Adelson, E. H. (1991). The design and 
use of steerable filters. IEEE Transactions on Pattern 
analysis and machine intelligence, 13(9), 891-906.

!

= ∫ℝd

k(h−1(x′￼x) | ŵ)f(x′￼￼
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(k ⋆̃ f )(x, θ)Group convolution ( ):G = ℝd ⋊ H
(e.g. )

         

G = SE(2) = ℝ2 ⋊ SO(2)
X = ℝ2

= (ρ(Rθ)ŵ)† ̂fY(x)
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̂f(x) = ̂fY(x) ŵ†

Inverse -Fourier transform!H

 = tr( ̂fY(x) ŵ† ρ(h−1) )    and   aT b = tr(b aT) ρ(h)† = ρ(h−1)

  = tr( ̂f(x) ρ(h−1) )

= ℱ−1
H [ ̂f(x) ](h)



x

h

From regular to steerable via a Fourier transform

= tr ( ̂f(x) ŵ† ρ(h−1))
= tr ( ̂f out(x) ρ(h−1))

f in(x) f out(x, h)

̂f out(x)

ℱH ℱ−1
H

Point-wise -Fourier transformH

Regular group convolution

Steerable group convolution



L=1

x

h

From regular to steerable via a Fourier transform

= tr ( ̂f(x) ŵ† ρ(h−1))
= tr ( ̂f out(x) ρ(h−1))

f in(x) f out(x, h)

̂f out(x)

ℱH ℱ−1
H

Point-wise -Fourier transformH

Regular group convolution

Steerable group convolution

h

f out(x, h)
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x

h

From regular to steerable via a Fourier transform

= tr ( ̂f(x) ŵ† ρ(h−1))
= tr ( ̂f out(x) ρ(h−1))

f in(x) f out(x, h)

̂f out(x)

ℱH ℱ−1
H

Point-wise -Fourier transformH

Regular group convolution

Steerable group convolution

∼

Y(x)

=

⋅
⋅
⋅
⋅
⋅
⋅
⋅

relative to 
steerable basis:

h

̂f out(x)

f out(x, h)
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x

h

From regular to steerable via a Fourier transform

= tr ( ̂f(x) ŵ† ρ(h−1))
= tr ( ̂f out(x) ρ(h−1))

f (l−1)

̂f (l−1)

ℱH ℱ−1
H

Point-wise -Fourier transformH

Regular group convolution

Steerable group 
convolution

ℱH ℱ−1
H

̂f (l)

f (l)

Regular group convolutions: 
Domain expanded feature maps

Steerable group convolutions: 
Co-domain expanded feature 
maps (feature fields)

f (l) : ℝd × H → ℝ

̂f (l) : ℝd→VH

added axis

vector field instead of scalar field 
(vectors in  transform via group  representations)VH H
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We call  a feature vector field, or simply a feature field, if its


codomain   transforms via a representation                     of  

domain       transforms via the action                                of 


Representation  defines the type of the field, and together with the group action of  defines the 
induced representation


                                                    

̂f : ℝd → ℝdρ

ρ(h) H
g−1 G = (ℝd, + ) ⋊ H

ρ G = (ℝd, + ) ⋊ H

(IndG
H[ρ](x, h) ̂f)(x′￼) := ρ(h) ̂f(h−1(x′￼− x))

Figure adapted from: Weiler, M., & Cesa, G. (2019). 
General e (2)-equivariant steerable cnns. NeurIPS 
See also https://github.com/QUVA-Lab/e2cnn 

g

s
1 ⋅ s

Scalar field (  )ρ(h) = 1

g

v
ρ(h) v

vector field

https://github.com/QUVA-Lab/e2cnn
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x

h

f(x, h)
Regular  feature maps:  considered so far can be considered feature fields.


           


G f(x, h)

(ℒg f )(x′￼, h′￼) = f(h−1(x′￼− x), h−1h)
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x

h

f(x, h)
Regular  feature maps:  considered so far can be considered feature fields.


           


G f(x, h)

(ℒg f )(x′￼, h′￼) = f(h−1(x′￼− x), h−1h)

fH(x) fH(x) = f(x, ⋅ )
Regular  feature fields: Let  be the field of functions  on the subgroup ,

then the functions (fibers) transform via the regular representation                   (  recall.      )


                 

H fH(x) = f(x, ⋅ ) fH(x) : H → ℝ H
ℒH

h ℒH
h f(h′￼) = f(h−1h′￼)

(ℒg f )(x′￼, h′￼) ⟺ (IndG
H[ ℒH

h ](x, h) fH)(x′￼)



planar rotation

periodic shift
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x

h

f(x, h)
Regular  feature maps:  considered so far can be considered feature fields.


           


G f(x, h)

(ℒg f )(x′￼, h′￼) = f(h−1(x′￼− x), h−1h)

fH(x) fH(x) = f(x, ⋅ )
Regular  feature fields: Let  be the field of functions  on the subgroup ,

then the functions (fibers) transform via the regular representation                   (  recall.      )


                 

H fH(x) = f(x, ⋅ ) fH(x) : H → ℝ H
ℒH

h ℒH
h f(h′￼) = f(h−1h′￼)

(ℒg f )(x′￼, h′￼) ⟺ (IndG
H[ ℒH

h ](x, h) fH)(x′￼)

̂f(x) ̂f(x) = ℱH[ fH(x)]
Steerable  feature fields: Since the fibers  are functions on  we can represent them via their Fourier 
coefficients . These vectors of coefficients transform via irreps 


                       

H fH(x) H
̂f(x) = ℱH[ fH(x)] ρ(h) = ⊕l ρl(h)

(ℒg f )(x′￼, h′￼) ⟺ (IndG
H[ ℒH

h ](x, h) ̂f)(x′￼) ⟺ (IndG
H[ ρ(h) ](x, h) ̂f)(x′￼)
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f in f out

̂f out̂f in

𝒦

𝒦̂

ℱH ℱH

Group convolution  𝒦[ f ](g) = ∫G
k(g−1g′￼)f(g)dx′￼dg

Normal convolution  


but with kernel  satisfying constraint


              

𝒦[ ̂f ](x) = ∫ℝd

k(x′￼− x)f(x′￼)dx′￼

k : ℝd → ℝdY×dX

∀h∈H ∀x∈ℝd : k(g x) = ρY(h)k(x)ρX(h−1)
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f in f out

̂f out̂f in
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𝒦̂

ℱH ℱH

Group convolution  𝒦[ f ](g) = ∫G
k(g−1g′￼)f(g)dx′￼dg

Normal convolution  


but with kernel  satisfying constraint


              

𝒦[ ̂f ](x) = ∫ℝd

k(x′￼− x)f(x′￼)dx′￼

k : ℝd → ℝdY×dX

∀h∈H ∀x∈ℝd : k(g x) = ρY(h)k(x)ρX(h−1)
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̂f out̂f in
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https://github.com/QUVA-Lab/escnn 

https://github.com/QUVA-Lab/escnn
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f in f out

̂f out̂f in

𝒦

𝒦̂

ℱH ℱH

Group convolution  𝒦[ f ](g) = ∫G
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but with kernel  satisfying constraint
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https://github.com/QUVA-Lab/escnn


https://github.com/QUVA-Lab/escnn 

Steerable group convolutions
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f in f out

̂f out̂f in

𝒦

𝒦̂

ℱH ℱH

𝒦̂

f out

̂f out

𝒦

𝒦̂

ℱH𝒦̂

Regular feature types

Type-1 vector fields 

(e.g. force/velocity vectors)Steerable (irrep) feature types

f

Type-0 field usual 2D feature map

(e.g. for segmentation)

https://github.com/QUVA-Lab/escnn
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. . . . . .

geometric attribute
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Figures from: Goh, K. I., Cusick, M. E., Valle, D., Childs, B., Vidal, M., & Barabási, A. L. (2007). The human disease network. Proceedings of the National Academy of Sciences, 104(21), 8685-8690.

                      https://predictivehacks.com/social-network-analysis-of-game-of-thrones/
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                      Chatzipantazis, E., Pertigkiozoglou, S., Dobriban, E., & Daniilidis, K. (2022). SE (3)-Equivariant Attention Networks for Shape Reconstruction in Function Space. arXiv preprint arXiv:2204.02394.
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2. Respect geometrical/physical constraints
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• Aggregate + node updates
xi

xj
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Message passing layer:(Point convolutions, ):X = ℝd
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The Geometric Message Passing Framework
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Full  equivariance, but a bit 
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Solution 1: Lift to the group!

Solution 2: work with steerable 

feature fields!

mij = ϕm(fi, fj, xj − xi)(X = ℝd)

mij = ϕm(fi, fj, ∥xj − xi∥)(X = ℝd)

mij = ϕm(fi, fj, g−1
j gi)(X = G)
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Full  equivariance, but a bit 

restrictive…E(3)
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Solution 2: work with steerable 

feature fields!

mij = ϕm(fi, fj, xj − xi)(X = ℝd)
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.............

Scalar fields:

attributes need to be invariants!

{
....

Steerable feature fields:

attributes can be covariants!
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Message passing NNs mij = ϕm(fi, fj, aij)

f′￼i = ϕf fi, ∑
j∈𝒩(i)

mij

Compute messages:

Aggregate and update:
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Message passing NNs mij = ϕm(fi, fj, aij)

f′￼i = ϕf fi, ∑
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Classic point convolutions

mij = W(∥xj − xi∥)fj

mij = W(g−1
i gj)fj

Compute messages:

Aggregate and update:

(Lecture 1.7: regular g-convs on homogeneous spaces)
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(Lecture 2: steerable g-convs)
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(Lecture 1.7: regular g-convs on homogeneous spaces)

(Lecture 2: steerable g-convs)
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With steerable MLP:

(Lecture 1.7: regular g-convs on homogeneous spaces)
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ĥi))))

With steerable MLP:

Linear convolution Non-linear “convolution”
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(Lecture 2: steerable g-convs)

(Lecture 3)
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(Steerable) G-CNNs allow for local connectivity
isotropic convs require full connectivity in order to infer the geometry

Task: Molecular property prediction

Property

Isotropic (fully connected graph)
Isotropic (local)

Anisotropic (local)

(Scales to large proteins!!!)
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*Figure from Kipf et al 2018

G-CNNs

Isotropic “non-linear CNNs”

“non-linear G-CNNs”

G-CNNs outperform CNNs with isotropic kernels
“Non-linear convolutions” outperform linear convolutions

Task: Trajectory prediction N-body problem
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6. Steerable group convolutions

8. Equivariant tensor product layers

9. Equivariant graph NNs

Equivariance  weight-sharing and generalization→

Group theory: symmetries & recognition by components  
(features have “poses”)

Effective representation learning and generalization

Efficient (band-limited) grid-free g-convs

Conv layers  TPs with coordinate embeddings 
(Clebsch-Gordan: equivariant TP)

↔

Equivariant MP via geometry conditioned layers 

4. Example

5. G-convs are all you need!

7. Feature fields and escnn library

Any equivariant linear layer is a group convolution

Flexible framework for equivariant layers

Template matching over groups
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Geometric guarantees (equivariance)
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G-CNNs are not only relevant for invariant 
problems but for any type of structured data!

Importance of equivariance:


- No information is lost when the input is transformed


- Guaranteed stability to (local + global) transformations

Group convolutions:


- Equivariance beyond translations


- Geometric guarantees


- Increased weight sharing ..
..
..

+ performance 
+ generalization



UvA course on group equivariant deep 
learning (https://uvagedl.github.io)
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Tutorial notebooks

Youtube playlist
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Thank you for listening!
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